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Abstract
Assessment of residual fatigue life of railway axles commonly does not include effect 
of residual stress. This paper presents advanced methodology for estimation of residual fatigue 
life of railway axles considering not only external loading but also internal residual stresses. 
The studied axles made of the EA4T steel were treated by induction hardening in order to 
generate very high compressive residual stress in the surface layer of the axle. Such residual 
stress has positive effect on behaviour of surface defects and leads to fatigue crack retardation 
or even crack arrest and, consequently, to immense prolongation of residual fatigue life. 
Experimentally measured data of residual stress were implemented in a numerical model in 
order to determine the true stress state in the axle. The model included a crack and took the 
effects of bending, press fit and residual stress into account. Residual fatigue life was calculated 
for various starting crack lengths based on the experimentally determined da/dN-ΔK curves for 
various load ratios. Finally, the results for axles hardened by standard method and by induction 
hardening were compared with residual fatigue lives obtained experimentally from fatigue tests 
on real railway axles with artificial cracks. The calculated values were conservative with good 
agreement with experimental data.
Keywords: Railway axle, fatigue life prediction, residual stress, fatigue crack propagation, 
hardening
Nomenclature:
a length of crack
a0 length of initial crack
af length of final crack
an length of considered notch
ai crack length in i-th loop
ai-1 crack length in (i-1)th loop
b parameter describing crack front shape
b0 ½ width of initial crack
bf ½ width of final crack
bn ½ width of considered notch
C fitting parameter of the NASGRO equation




Ka amplitude of stress intensity factor in load cycle
KB,d stress intensity factor corresponding to dynamic bending load
KB,s stress intensity factor corresponding to static bending load
KI value of mode I stress intensity factor 
Km mean value of stress intensity factor in load cycle
Kmax maximal value of stress intensity factor in load cycle
Kmax,th threshold value in Kmax expression
Kmin minimal value of stress intensity factor in load cycle
KPF stress intensity factor corresponding to press-fit load
KRS stress intensity factor corresponding to residual stress load
n fitting parameter of the NASGRO equation
p fitting parameter of the NASGRO equation
R load ratio
Si stress determined by drilling method 
t time/specimen thickness
ux, uy, uz displacements in x ,y and z directions
W half of CCT specimen width 
x, y, z Cartesian coordinates
a crack length increment
K stress intensity factor range
N increment of load cycles
μ contact friction coefficient
ν Poisson’s ratio
Abbreviations:
FE finite element 
PF press fit
RFL residual fatigue life
RS residual stress
SIF stress intensity factor
1 Introduction
Railway axles are cyclically loaded components exposed to various mechanical loads 
and environmental conditions during long-term service. According to [1] it is not exceptional 
that railway axles stay in service for 30 years or even more. During such a long period fatigue 
failure of railway axles can occur, see e.g. [2] or [3]. Fatigue cracks are often initiated in 
corrosion pits or damage areas (both cases causing crack initiation at axle surface) caused by 
ballast impacts during operation of railway axle, see [1]. The number of train accidents in the 
European Union due to axle failures was 34, 18 and 14 in the years 2012, 2013 and 2014 
respectively according to the European Union Agency for Railways Report (2016) [4]. The 
main aim of train manufacturers and operators is to reduce the number of such accidents. For 
safe operation of trains it is necessary to consider presence of such defects in the axles, see e.g. 
[5–7] . Therefore, damage tolerance approach considering presence of cracks is often applied 
to estimate the number of loading cycles needed for fatigue crack propagation from its initial 
size up to the critical one. The considered initial crack length corresponds to the probability of 
detection of the used non-destructive inspection method. These methods still cannot detect the 
defects with 100% probability. Regular inspection intervals including non-destructive testing 
for revealing of potential defects are set up based on the estimated residual fatigue life (RFL). 
Frequent inspections (short inspection intervals) would reduce the risk of a fatigue failure. 
However, too frequent inspections lead to additional maintenance costs. Therefore, a more 
precise estimation of RFL of railway axles would be beneficial for both safe operation and 
maintenance costs. These challenging requirements are discussed in various recently published 
papers related to crack growth in railway axles and used materials, e.g. [8–16].
The residual stress can significantly influence fatigue resistance of engineering 
components. Positive or negative impact of residual stress is dependent on the sign and direction 
of the residual stress relative to the applied stress, i.e. on whether it adds to, or subtracts from, 
the applied stress [17]. In the case of railway axles a certain amount of residual stress is always 
induced by machining or heat treatment. However, the residual stress magnitudes vary from 
relatively small values up to hundreds of MPa which also changes significantly stress 
distribution in the whole cross section of the axle. Compressive axial residual stress in the axle 
surface area is way to increase resistance to initiation of surface defects and to slow down or 
completely stop propagation of fatigue cracks, see e.g. [18–20]. It was found that RFL of 
railway axles is dominantly given by propagation of relatively short cracks (up to 5 mm) near 
the surface, see e.g. [21]. Therefore, significant effect of subsurface compressive residual stress 
on fatigue crack initiation and propagation of surface cracks is expected. 
Almost all researchers calculating RFL take into account loading of the axle by bending 
(train weight + dynamic effects of moving train), some of them consider even the press fit load 
[22–25]. However, in most of the cases they do not consider residual stress, which is important. 
In the presented work it was managed to take residual stress into account due to advanced 
experimental and numerical techniques. The theoretical basis for current research was laid in 
[26], where the procedure how take into account the effects of residual stress on the residual 
fatigue life of railway axles was presented. However, the residual stress field was based only 
on theoretical considerations. In the present paper, a special method of combination of 
experimental measurement on particular heat-treated axle pieces and numerical modelling was 
carried out in order to determine residual stress. Afterwards, the results were compared to RFLs 
obtained from experiments on real axles.
Subsurface residual stress can be induced in the axle, e.g. by deep rolling, shot peening, 
machining, heat treatment etc. These procedures lead to different distributions and magnitudes 
of residual stress, see Table 1. For example, in the case of the railway axle steel EA4T, deep 
rolling provides residual stress field with the maximum compressive stress ca. 640 MPa, see 
[18] or [19]. However, this treatment leads to a very high gradient of residual stress close to the 
surface. In the depth of 3 mm the residual stress changes from compressive to tensile stress. 
Therefore, in quite small depth under the axle surface the positive influence of deep rolling 
disappears. According to [20] it is possible to develop residual stress field with maximum 
compressive stress value of about 60 MPa in the case of standardly manufactured railway axle 
with consequent heat treatment and machining. The compressive residual stress extends to the 
depth of 22 mm under the surface where it turns into tensile stress. It means that residual stress 
after manufacturing, heat treatment and final machining is not as high as in the case of deep 
rolling but they affect a larger volume of material below the axle surface. Authors in [27] deals 
with effect of shoot peening and grinding on residual stress in EA4T and EA1N steels. 
Besides EA4T steel data, residual stress distributions for other railway axle materials 
can be found in literature. Zhang et al. [28] reported distribution of residual stress in bars from  
Chinese standard steels 35CrMoSP and 50SP after shot peening. In these cases, the highest 
absolute values of compressive stress are 750 MPa and 560 MPa respectively. Nevertheless, 
according to [28] the compressive stress extends to the depth of only 0.1 mm below the surface 
(note that these experiments were performed on small specimens with the shot peened diameter 
of 4 mm). Makino et al. [29] and Isomura et al. [30] showed distributions of residual stress in 
induction-hardened railway axles made of JIS S38C steel. In this case the maximum 
compressive stress values ranged from 200 MPa to 600 MPa and the depth of compressive layer 
ranged from 4 to 18 mm depending on parameters of induction hardening technique. Residual 
life assessment of induction hardened railway axles (with residual stresses obtained by 
modelling) from material 34CrNiMo6 was carried out in [31] and 35CrMo in [32]. Table 1 
compares different methods of surface treatment. One can see that the induction-hardening 
generates very high compressive residual stress and the affected area is significantly deeper 
than in the case of shot peening or deep rolling. Therefore, this work is focused on induction 
hardening as a technology improving the fatigue strength of railway axles.
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2 Determination of residual stress 
Design of the investigated railway axle made of the EA4T steel is depicted in Fig. 1. 
Two axles manufactured using conventional heat treatment with consequent machining and two 
axles treated by induction hardening were investigated. The distribution of residual stress in the 
surface layer was measured by means of the drilling method using the drilling head VISHAY 
RS-200 (Fig. 2), the 3-grid strain gauge rosettes HBM RY21-3/120 and the HBM SPIDER8-
30 measurement system. Drilling method is typical technique for  determination of residual 
stress see e.g. [33].
Fig. 1 – Investigated railway axle manufactured from steel EA4T
Fig. 2 – Drilling head VISHAY RS-200 and detailed view of the axle drilling
2.1  Residual stress in conventionally heat-treated railway axles
The residual stress field was measured in three points at the axle surface (see Fig. 3) in 
the case of conventionally heat-treated axles with subsequent machining. The residual stress 
was measured up to the depth of approx. 2.5 mm below the axle surface at each point. Two 
axles from two different batches were used for residual stress measurement. 
Fig. 3 – Position of the drilled holes at the axle and a detailed view of three holes in the cross 
section 
Axial (longitudinal) stress and hoop (tangential) stress were determined using the 3-grid strain 
gauge rosettes and the results are presented in Fig. 4. Axial stress and hoop stress exhibited 
similar distributions in the surface layer. Both were negative within the investigated area (depth 
from 0 to 2.5 mm) and the maximum absolute values were in the depth of ≈1 mm below the 
surface. These peak values were in the range from –45 to –65 MPa for axial stress and from –
55 to –70 MPa for hoop stress. 
Fig. 4 – Measured residual stresses in the surface layer of conventionally heat-treated axles
The scatter of residual stress distributions visible in Fig. 4 is given by differences between the 
two axles as well as differences between data from three measurement positions along the 
circumference. For conservative estimation of residual fatigue life, the lowest absolute values 
of residual stresses were used.
Fig. 5 – Determined profiles of residual stresses in conventionally heat-treated axles
The maximum depth of the measurements (2.5 mm) was given by limitations of drilling method 
used, see reference [34]. The measured data were extrapolated for depths larger than 2.5 mm 
and corrected by numerical calculations to obtain realistic residual stress profiles in the whole 
cross section. Final stress distribution profiles (see Fig. 5) were reached by finite element (FE) 
iterative modelling which respected the measured stress values at the axle surface and the 
equilibrium of forces and moments in the whole cross section of the axle. Final profiles used in 
the following estimation of residual fatigue life were conservative (see Fig. 4 for comparison).
2.2 Residual stress in induction-hardened railway axles
In the case of induction-hardened axles, the magnitude and penetration of residual 
compressive stress are much higher compared to the conventionally heat-treated axles. Due to 
this, the standard drilling measurement from external surface was not sufficient (limitation to 
the depth of 2.5 mm). For this reason, the axle body was divided into 5 sections. Each section 
was gradually turned from the original diameter (185 mm) removing a 5 mm layer (10 mm in 
diameter), as shown in Fig. 6. The purpose of that was to determine residual stress in these 
particular depths below the axle surface. This was done again by the drilling method making 
holes in the middle of each turned section, see Fig. 6.
Fig. 6 – Positions of the drilled holes at gradually turned sections of the induction-hardened 
axle
The stresses measured by the 3-grid strain gauge rosettes are shown in Table 2. They were 
negative in whole range of measured depths i.e 0-20 mm below the axle surface and the highest 
absolute values were in the depth of 5 mm with the hoop stress of –989 MPa and the axial stress 
of –951 MPa.
Table 2 – raw residual stress (without post-processing) measured at sections of gradually turned 
induction hardened axle




diameter 185 mm (axle surface) –634 –729
diameter 175 mm (depth 5 mm) –951 –989
diameter 165 mm (depth 10 mm) –304 –367
diameter 155 mm (depth 15 mm) –239 –280
diameter 145 mm (depth 20 mm) –207 –230
Since the turning does not remove only material but also partially the residual stresses, 
the data shown in Table 2 have to be post-processed by FE modelling in order to determine 
residual stress distributions in original state of the railway axle.
 
Fig. 7 – Scheme of the post-processing of measured data to obtain residual stress profiles after 
induction hardening (example for axial stress)
A FE model of the measured axle (with turned layers according to Fig. 6) was created 
to determine the residual stress profile in the original railway axle (without turned sections). 
Since axial symmetry of the residual stress distribution can be considered, a 2D axisymmetric 
FE model was used. Based on the measured data (see Table 2) as well as literature [30], it was 
expected that the largest gradients of residual stresses would be close to the axle surface. 
Therefore, FE mesh was inhomogeneously distributed along the cross section with the finest 
mesh in the axle surface area. The smallest element size was 0.2 mm and the FE model 
contained circa 400 000 nodes in total. It was assumed that the residual stress distributions in 
vicinity of the axle surface were constant along the longitudinal direction. The model included 
elastic material properties corresponding to the EA4T steel; the Young’s modulus E = 205 GPa 
and the Poisson’s ratio ν = 0.3. 
The iteration process followed, where the expected values of residual stresses (axial, 
hoop and radial) were defined in the nodes as functions of the distance from the original axle 
surface (without turned sections). The prescribed values were first estimated based on the 
measured values (Table 2) and then computed by the iteration process as follows. The computed 
residual stress profile (blue curve in Fig. 7) had to comply these conditions:
1) The searched original residual stress profile (residual stress in the non-turned axle) has 
to start at the same value S1 that was measured at the axle surface, see Fig. 7 and Table 
2.
2) Balance between positive and negative residual stresses (forces and moments) has to be 
satisfied.
3) If the found stress profile is correct (see blue curve in Fig. 7) and some layers are 
removed in the FE model (see Fig. 7) the stresses at such turned axle surface have to 
correspond to the measured ones (e.g. the orange curve in Fig. 7 shows redistributed 
stress profile after turning of layer 1).
Fig. 8 – Results of residual stresses in turned axle section after iteration process
The procedure described in the previous paragraph was done for both axial and 
tangential stress. Both profiles were found by iteration process in the FE model so that the stress 
profiles complied the measured data. Note that radial stress was zero at each surface of the 
turned layers. However, in the non-turned axle the radial stress was non-zero below the axle 
surface. The radial distribution of the residual stress resulted from the static equilibrium of 
forces and moments. Fig. 8 shows the used FE model with turned sections after the iteration 
process for all mentioned components of stress (axial, hoop and radial). Fig. 9 shows 
determined residual stress distributions in the original axle (without turned sections). It is worth 
to point out that the true residual stress profile (blue curve in Fig. 7 with the peak of -850 MPa) 
exhibited smaller magnitudes of compression axial stress than the measured values below 
original axle surface (S2, S3, S4 and S5) with the peak of -950 MPa, see Table 2. Therefore, the 
measured data cannot be directly used for residual fatigue life estimation. Redistribution of 
stress has to be considered, otherwise the results would be non-conservative.
Fig. 9 – Determined profiles of residual stresses in induction hardened railway axles
Fig. 10– residual axial stress in a) standard heat treated axle b) induction hardened axle
The presented results were obtained for the axle body with non-varying diameter, where 
residual stress is possible to measure. However, in the RFL estimation, a crack was considered 
in the radius transition between the axle body and the wheel seat. Therefore, due to geometry 
transitions, stress concentration (T-notch) and static equilibrium, there is a slightly different 
redistribution of residual stresses compared to axle body. Since the FE model was done for the 
whole axle, it already included also the redistributed stress field in all cross sections of axle. 
Fig. 10 shows redistributed residual stress profiles in the axial direction for both considered 
types of heat treatment: conventional heat treatment and induction hardening. This figure also 
depicts different profiles for the axle body, wheel seat and the T-notch. Table 3 summarizes the 
obtained maximum values of axial stress, which is the most important component for fatigue 
performance. 




depth with zero 
residual stress
standard hardening ≈ –45 to –65 MPa ≈  7 mm
induction hardening ≈ –850 MPa ≈  18 mm
3 Estimation of residual fatigue life of railway axles considering residual stress 
A key aspect for a reliable estimation of residual fatigue life of railway axles is the 
identification of the location where a potential crack would cause the shortest RFL. There are 
three important loading components of the railway axle:
 bending load (caused by weight and movement of the vehicle)
 press-fit load (caused by press-fitted joint between axle and wheels)
 residual stress load (caused dominantly by heat treatment and machining)
The residual stress is more or less uniformly distributed along the longitudinal direction 
of the axle and is supposed to be constant during the lifespan of the axle. The press-fit load is 
given by the press-fit joint between the axle and the wheel. These two loading components 
affect the mean stress of the total loading. From the point of view of fatigue, the most important 
component of loading is the cyclic bending produced by the vehicle weight and the 
superimposed dynamic effects caused by its movement. Bending loading due to the weight can 
be estimated by means of FE analysis and it corresponds to the train running slowly on a straight 
track where dynamic forces can be neglected. Dynamic bending load is taken into account by 
considering of load spectrum which was experimentally measured for typical trains and rail 
tracks. 
Based on the loading situation, it can be expected that the critical position for cracking 
corresponding to the shortest fatigue life would occur in one of the notches close to the press-
fitted wheel due to superposition of bending load with press-fit load and stress concentration in 
the notch. The above assumption was verified by means of FE analysis. A simplified model 
without a crack was implemented to identify the critical positions for the crack initiation and 
fast propagation (Fig. 11). This model takes into account the weight of the vehicle and the press-
fitted wheel. The interference value between the press-fitted wheels and the axle was assumed 
to be 0.3 mm in diameter. A non-linear contact with the friction coefficient μ = 0.6 was 
considered in the FE model. Details of the contact modelling can be found in [21] or [22]. The 
FE model consisted of approximately 790 000 nodes and 178 000 elements.
Fig. 11 – Boundary conditions for determination of critical position of fatigue crack
Fig. 12 – Results of weight load and press-fit load (axial stress)
The force F = 82 300 N was applied to each of the two axle journals (corresponding to 
weight load of 16.5 ton per axle). The boundary conditions are shown in Fig. 11. It was possible 
to model only one half of the railway axle due to symmetry of geometry and loading. In the 
reduced model, the force F/2 was applied to the axle journals. Results of the FE analysis for 
bending loading and press-fit loading are presented in Fig. 12. As expected, the critical positions 
for potential crack were at so called the S-notch and the T-notch. The highest axial stress value 
at the S-notch was approximately 82 MPa and at the T-notch it was 77 MPa. It is not possible 
to assume that a fatigue crack at the S-notch would be certainly more detrimental than that at 
the T-notch. Fatigue crack growth is not only influenced by the maximum stress value at the 
surface but also by stress distribution below the axle surface. Therefore, both notches are 
dangerous for initiation and growth of fatigue cracks. In this paper, the presence of a crack only 
at the T-notch is assumed in order to compare the results with the experiments on axles with 
artificial cracks generated at the T-notch.
After determination of the critical position, three sets of numerical models of the axle 
including a fatigue crack were implemented for pure bending, press-fit and residual stress 
loading. The driving force parameter for crack growth under Linear Elastic Fracture Mechanics 
(LEFM) was the stress intensity factor K (SIF), see e.g. [35]. The assumption of LEFM allowed 
the use of the superposition principle. The mutual separation of the three external loads led to 
the expression (1) of the total SIF Kmax in the form:
, (1)𝐾𝑚𝑎𝑥(𝑎,𝑡) = 𝐾𝐵,𝑑(𝑎,𝑡) + 𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎)
where KB,d is the SIF due to dynamic bending load (depending on crack length a and load 
spectrum), KPF is the SIF due to press-fit load and KRS is the SIF corresponding to residual stress 
load.
3.1  Loading of a crack at the T-notch caused by dynamic bending of the axle
The stress intensity factor corresponding to the bending load was calculated using FE 
model. This model had the same symmetry and boundary conditions as those shown in Fig. 11. 
Such model considered only the bending load with no press-fit of the wheels. The crack front 
was approximated by a semi-ellipse with changing aspect ratio according to [21] and the 
orientation of the crack was perpendicular to the longitudinal axis of the axle (perpendicular to 
the highest principal stress). 
Fig. 13 – Mesh of model and result of bending load (axial stress) for axle with semi-elliptical 
crack at the T- notch
A crack was modelled at the T-notch with 23 different lengths from a = 2 mm to 25 mm (see 
parameter a in Fig. 13a). It was assumed that propagation up to the crack length of 25 mm 
covers more than 95% of the total residual fatigue life [21]. Fig. 13a shows the discretization 
used in the FE model and Fig. 13b shows the result of the axial stress component for the crack 
length a = 10 mm. The mesh of 20 nodes solid elements (SOLID 186) was substantially refined 
around the crack to obtain more accurate results of the SIFs. On the basis of the axial stress 
distribution, the SIF values corresponding to the bending load KB,s (static case), were 
determined according to the procedure described in [21].
Variable-amplitude loading caused by the train movement is described by a load spectrum. The 
load spectrum used for the numerical analysis in this work is shown in Fig. 14 [13]. The so 
called dynamic coefficient k corresponding to multiple of the static load KB,s (load due to the 
nominal vehicle weight) is on the vertical axis. The horizontal axis refers to a cumulative 
number of cycles, i.e. the number of cycles with a higher dynamic coefficient than that at the 
particular point of the spectrum curve.
Fig. 14 – Load spectrum describing the bending load in terms of the dynamic coefficient k. 
The number of cycles refers to 1000 km of train operation [13]
The dynamic bending load KB,d is given by:
, (2)𝐾𝐵,𝑑(𝑎,𝑡) = 𝑘(𝑡).𝐾𝐵,𝑠(𝑎)
where k is the dynamic coefficient and KB,s is the SIF corresponding to the static bending load.
Results of KB,d as a dependence on the crack length a (for the highest dynamic 
coefficient k = 2.9) are presented in Figs. 17 and 18.
3.2  Loading of a crack at the T-notch caused by the press fit
The press-fit load KPF was modelled considering a contact interference between the axle 
and the wheel (non-linear contact FE model). The methodology was adopted according to [21]. 
The interference between the press-fitted wheels and the axle was set to 0.3 mm and the contact 
friction coefficient was set to μ = 0.6 (the same values as were used for critical crack position 
determination). The FE mesh and 23 different crack lengths (from a = 2 mm to 25 mm) created 
in the model in the same way as in the case of the bending load (Fig. 13a). Contours of the 
result of the axial stress solution are presented in Fig. 15. Results of KPF as a dependence on the 
crack length a were plotted in Figs. 17 and 18.
Fig. 15– Result of the longitudinal stress caused by the press-fit for axle containing a semi-
elliptical crack at the T-notch
3.3  Loading of a crack at the T-notch caused by the residual stress
It was considered, that residual stress profiles determined in Section 2 were 
homogeneous along the axial direction of the axle and axisymmetric. Due to the fact that the 
diameters of the axle body and the wheel seats are not identical, the residual stress profiles in 
these areas are slightly different, see Fig. 10. Since the residual stress distribution exhibits rapid 
gradients, it was necessary to use a model with a finer mesh than in the models for considering 
bending and press-fit loads. In order to obtain results of SIFs caused by residual stress load in 
reasonable time, a partial FE model of the axle (including crack) was created, as shown in Fig. 
16. This model included stress fields obtained in the previous model, see Fig. 10.
Fig. 16 – Partial model of the considered railway axle used for determination of stress 
intensity factor caused by the presence of residual stress
By creating of a semi-elliptical crack at the T-notch, the stress was redistributed around 
the crack area and the SIF corresponding to the residual stress field KRS was determined by the 
FE model. This model also included only one half of the axle part due to symmetry. The refined 
mesh of 20 nodes solid elements (SOLID 186) around the crack and the boundary conditions 
are shown in Fig. 16. Equal number of crack lengths 23 as in the previous cases were modelled 
(from 2 mm to 25 mm) for both types of heat treatments described in Section 2 (46 models in 
total). The resulting SIFs were negative and they are plotted as a dependence on the crack length 
a in Figs. 17 and 18. Note that conservative stress distribution (upper envelope in Fig. 4) was 
used for determination of KRS in the standard hardened axle in Fig. 17. These negative values 
superimposed to the positive values resulting from bending and press-fit loads generate total 
loading.
3.4 Total load of the railway axle
The total SIF values were calculated by means of the superposition principle of all 
components (bending, press-fit and residual stress load):𝐾𝑚𝑎𝑥(𝑎,𝑡) = 𝐾𝐵,𝑑(𝑎,𝑡) + 𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎).
Each component of SIF is a function of the crack length a. The sum of press-fit and residual 
stress loads represents the mean SIF Km:
. (3)𝐾𝑚(𝑎) = 𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎)
The amplitude of the total SIF is represented by the dynamic bending load KB,d:
. (4)𝐾𝑎(𝑎,𝑡) = 𝐾𝐵,𝑑(𝑎,𝑡) = 𝑘(𝑡).𝐾𝐵,𝑠(𝑎)
The minimum and maximum SIFs during the load cycle are given by the following equations:
(5a)𝐾𝑚𝑖𝑛(𝑎,𝑡) = 𝐾𝑚(𝑎) ―𝐾𝑎(𝑎,𝑡) = 𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎) ― 𝐾𝐵,𝑑(𝑎,𝑡),
. (5b)𝐾𝑚𝑎𝑥(𝑎,𝑡) = 𝐾𝑚(𝑎) +𝐾𝑎(𝑎,𝑡) = 𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎) + 𝐾𝐵,𝑑(𝑎,𝑡)
Fig. 17 – KI values vs crack length a for the standard hardened axle
The results of all SIF components and the total SIF as a dependence on the crack length 
a are presented in Figs. 17 and 18 for the standard hardened axle and the induction-hardened 
axle, respectively. The data are shown for the maximum dynamic coefficient k = 2.9 from the 
bending-load spectrum.
Fig. 18 – KI values vs crack length a for the induction-hardened axle
3.5  Crack propagation modelling
Due to variable bending load and non-zero mean load the load (stress) ratio was also variable. 
According to the expressions (3) to (5) the load ratio R is expressed as:
                                                                           (6)𝑅(𝑎,𝑡) = 𝐾𝑚𝑖𝑛(𝑎,𝑡)𝐾𝑚𝑎𝑥(𝑎,𝑡) = 𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎) ― 𝐾𝐵,𝑑(𝑎,𝑡)𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎) + 𝐾𝐵,𝑑(𝑎,𝑡)
However, it was shown in [36] that fatigue crack propagation for various load ratios in the 
EA4T steel can be sufficiently described using the Kmax parameter, which has almost no 
dependence on the load ratio R for R less than approximately 0.2. Fig. 19a shows the da/dN-K 
(fatigue crack propagation) curves experimentally determined for 4 various load ratios R 
ranging from –2 to 0.1. These data were measured using the center-crack tension (CCT) 
specimens with the width 2W = 60 mm and the thickness t = 5 mm. It was assumed that residual 
stress in the material was relaxed after fabrication of the CCT specimens and the load ratio was 
given just by the applied loading. Further details about the experimental determination da/dN-
K data can be found in [36] or [14]. 
The NASGRO equation for description of crack propagation [37] can be used in its 
original form with ΔKeff as the parameter controlling crack propagation. However, the use of 
Kmax is more suitable for applications with low load ratios, since the threshold value Kmax,th is 
nearly constant in range of R from –2 to 0.1, see Fig.19b. It means, that crack closure values 
are similar in this range of R, including part of oxide-induced crack closure [14,38].
Fig. 19 – Comparison of the fatigue crack growth curves for the standard-hardened EA4T 
steel a) in da/dN-K expression, b) in da/dN-Kmax expression
Using the Kmax expression (da/dN-Kmax), see Fig. 19b, the fatigue crack propagation 
curves at different load ratios became overlapped. This represents a huge benefit in the case of 
the EA4T steel, since only one simple equation with a constant threshold value Kmax,th can be 
used for description of crack propagation for the load ratios R ranging from –2 up to 0.1. This 
equation was used in the form of a simplified NASGRO equation:
                                                                                      (7)
𝑑𝑎𝑑𝑁≅∆𝑎∆𝑁 = 𝐶(𝐾𝑚𝑎𝑥)𝑛(1 ― 𝐾𝑚𝑎𝑥,𝑡ℎ𝐾𝑚𝑎𝑥 )𝑝,
where C, n and p are material constants, Kmax is the maximum SIF (see Eq. (1)), and Kmax,th is 
the threshold value of maximum SIF (constant for considered load ratio range). 
Fig. 19 shows data measured for specimens fabricated from the surface of the standard 
heat-treated axle. The induction-hardened specimens were slightly smaller (CCT specimens 
with the width 2W = 30 mm and the thickness t = 4 mm) compared to the specimens used for 
the standard heat treated EA4T steel (2W = 60 mm, t = 5 mm). These specimens were 
manufactured from surface area of railway axle, see Fig. 20a. Fig. 20b shows comparison of 
the da/dN-Kmax curves for the standard heat-treated and the induction hardened EA4T steel for 
stress ratio R = -1. In the case of induction hardened axle the smaller thickness was selected in 
order to include only the surface layer of the axle affected by induction hardening. Fig. 20b 
demonstrates that induction hardening reduces the threshold SIF value (in Kmax expression) 
from 7.0 MPam1/2to 4.6 MPam1/2. However, it will be shown later on in this paper that the 
beneficial effect of residual stresses produced by the induction hardening is much more 
significant than reduction in the threshold value.
Fig. 20 – a) specimen cut-out and geometry of used specimens b) comparison of the da/dN-
Kmax curves of EA4T steel for two types of heat treatment (semi-products for manufacturing 
of the test specimens were cut from the axle surface area)
Conservative RFLs of the railway axle was calculated as crack propagation period from the 
initial crack length a0 up to the length of 25 mm (less than the critical crack length). Propagation 
of cracks longer than 25 mm is very fast and can be neglected in the whole RFL. The crack 
length increment a was calculated step by step using Eq. (8) for loads Kmax > Kmax,th until the 
crack length a reached the final length:
.         (8)∆𝑎 = 𝐶(𝐾𝑚𝑎𝑥)𝑛(1 ― 𝐾𝑚𝑎𝑥,𝑡ℎ𝐾𝑚𝑎𝑥 )𝑝∆𝑁
The used constants were: C = 1.8×10–11, n = 2.6, p = 0.25, Kmax,th = 7.0 MPam1/2 for the standard-
hardened (heat treated) axle and C = 1.8×10–11, n = 2.7, p = 0.35, Kmax,th = 4.6 MPam1/2 for the 
induction-hardened axle. For cycles with the maximal load Kmax < Kmax,th the crack increments 
were zero. Calculations run in a loop until the crack length a reached 25 mm:
        (9)𝑎𝑖 = 𝑎𝑖 ― 1 +∆𝑎
where ai is crack length in the current loop and ai–1 is the crack length in the previous one.
The resulting RFL is equal to the sum of the applied loops (1 loop = 1000 km of train service, 
see Fig. 14). Note that this calculation takes into account no overload cycles that would cause 
retardation of fatigue crack. This simplification is conservative.
3.6 Calculated results of residual fatigue lives
The results of the estimated values of residual fatigue lives considering residual stress 
profiles generated by different heat treatments are presented in Table 4. RFLs were determined 
as a number of kilometres passed by the axle during crack propagation from the initial crack 
length a0 (initial crack lengths 2 mm, 3 mm, 5 mm or 10 mm were considered) to the crack 
length of 25 mm. Results for three different cases of residual stress were obtained: (i) no residual 
stress, (ii) residual stress produced by standard heat treatment and (iii) residual stresses 
produced by induction hardening. As expected, the shortest RFLs were estimated for the axle 
with no residual stress. Axles with residual stress produced by standard heat treatment exhibited 
much longer RFLs. The influence of residual stresses on RFL is much more pronounced for 
short initiation crack (2 mm) in comparison with longer initiation cracks (5 mm or 10 mm). 
This effect is demonstrated in Table 4. The residual stress led to the increase of RFL from 
85 000 km to 32 451 000 km for the initial crack length of 2 mm, while the increase of RFL 
due to residual stress for the initial crack length of 10 mm was from 10 000 km to 13 000 km 
(only 30%). The reason for this effect is that the compressive residual stresses are induced in 
the subsurface layers only several millimetres thick (see Table 3) and does not affect 
importantly propagation of longer cracks.
As was shown in Fig. 20b, the induction hardening reduces the threshold value of SIF 
Kmax,th from 7.0 MPam1/2 to 4.6 MPam1/2. On the other hand, induction hardening results in 
extremely high compressive stress values in the outer surface layers of a railway axle, which 
leads to significant reduction of the resultant crack opening load. As a consequence, the crack 
loading is reduced below the threshold SIF value for all considered initial cracks lengths (from 
2 to 10 mm). This is also evident from Fig.18 where the total load Kmax is negative in the whole 
considered range of crack lengths (1 – 25 mm). The considered surface crack does not propagate 
at all under the considered conditions in the case of induction-hardened axles, which results in 
theoretically infinite RFLs, see Table 4. It can be concluded that appropriate parameters of 
induction hardening of the axle leads to development of residual stresses, which prevents the 
surface fatigue cracks from propagation.
Table 4 – Estimated values of residual fatigue life (in km) for different initial crack lengths 
and method of heat treatment (source of RS) of railway axle
initial crack length a0Considered source of residual 
stresses 2 mm 3 mm 5 mm 10 mm
no RS 85 000 35 000 16 000 10 000
RS due to standard hardening 32 451 000 154 000 33 000 13 000
RS due to induction hardening inf. inf. inf. inf.
4 Experimental validation of calculated residual fatigue lives
The procedures described above, i. e. procedures taking into account influence of the 
press-fit and residual stresses were experimentally validated using real-scale specimens. For 
this purpose specimens corresponding to circa one half of the real axle were prepared (see Fig. 
21). Artificial semi-elliptical notch was prepared by spark erosion method at the T-notch 
position of the axle (the same position as in the theoretical considerations). The dimensions of 
the prepared notch were 2bn 3.75 mm (notch width) and an = 1.5 mm the (notch depth), see Fig. 
21. The axle specimens were clamped on the wheel and the load was applied by means of an 
unbalanced mass vibration generator. The spark-eroded notch enabled formation of the crack 
at the required position. Fatigue precrack was initiated in the notch before beginning of 
experimental measurement. The initiation of fatigue crack was performed by application of the 
highest load amplitude from the load spectrum, see Fig. 14.
Fig. 21 – Scheme of experimental test
4.1 Testing of standard heat-treated railway axles
Three specimens treated by standard heat treatment were tested. The fatigue pre-
cracking was performed applying the maximum load amplitude from the load spectrum 
(dynamic coefficient k = 2.9). The process of pre-cracking was stopped when the total crack 
length (notch + fatigue crack) reached depth 2.0 ÷ 2.5 mm. After pre-cracking, the specimens 
were subjected to the variable amplitude loading in decreasing sequence of load amplitudes, 
i. e. the load amplitudes were varied gradually from the highest value to the lowest one. The 
load spectrum (shown in Fig. 14) was applied 1200 times, which corresponded to 1 200 000 km 
of train operation. At the end of the tests the specimens were cut to observe the fracture surfaces 
and evaluate the crack fronts. Fig. 22 shows 3 important stages of the crack/notch. The subscript 
n refers to the notch, the subscript 0 refers to the initial crack dimensions and the subscript f 
represents the final size of the fatigue crack.
Fig. 22 – Fracture surface after the experiment. Important dimensions and crack front shape 
are marked
The dimension b was measured optically on the axle surface during the test. The initial 
crack length a0 was derived from b0. It was considered that the ratio between the notch semi-
axes and the initial crack semi-axes were equal: , where an and bn are the notch 
𝑎𝑛𝑏𝑛 = 1.53.75/2 = 𝑎0𝑏0
dimensions. After crack initiation, the crack width b0 was measured and a0 was obtained as: 𝑎0




after the test, see Fig. 22. The dimensions measured during three tests performed are 
summarized in the Table 5.
The resulting lifetime were compared with the results of numerical simulations 
(considering residual stresses after standard heat treatment and considering axle without 
residual stress) and summarized in Table 5. Note that the experiments were performed with 
specimens after induction hardening as well, which is presented in the following Section. 













axle 1 2.28 mm 3.05 mm 1 200 000 km 185 000 km 26 000 km
axle 2 2.08 mm 2.70 mm 1 200 000 km 497 000 km 34 000 km
axle 3 2.20 mm 3.00 mm 1 200 000 km 217 000 km 31 000 km
Table 5 reveals that the calculated results are conservative in comparison with the 
performed experiments. This is expected and also desired, since conservative envelope of the 
measured residual stresses (see black line in Fig. 4) was used for the RFL estimation and the 
results should be on the safe side. Omission of residual stress in the procedure of RFL estimation 
leads to mileages shorter by two orders of magnitude compared to the experiment, see Table 5. 
The model considering residual stress provides ca 2 – 6 times shorter mileages than 
experimental tests, see Table 5. The presented numerical model taking into account the residual 
stress field provides relatively accurate conservative estimations of RFLs (depending on the 
input residual stress data). The described procedure allows the use of other measured residual 
stress profiles for estimations of RFL. Note that propagation of relatively short cracks was 
considered in the experiments. Propagation of such cracks is sensitive to the residual stress 
distribution, the load spectrum and the material threshold value, see the differences in RFLs for 
initial crack lengths a0 = 2 mm (RFL is 32.5 million km) and a0 = 3 mm (RFL is only 154 000 
km). For longer cracks, the difference in RFLs would not be that different. Crack retardation 
effects (e. g., overloads) were neglected in the RFL estimations. These effects can increase RFL 
of railway axles in operation. Nevertheless, the load spectrum during the experiments was 
applied in gradual decreasing sequence of load amplitudes (it is not possible to apply rapid 
changes of the load amplitude using the resonant testing machine) which led to minimization 
of the retardation effects. Therefore experimentally determined and calculated RFLs should be 
both comparable and conservative in the comparison with real operation.
4.2 Testing of induction-hardened railway axles
The next experiments were focused on the induction-hardened axles and followed the 
same procedure, setup and notch parameters as described for the standard heat-treated axles. 
Based on the gathered numerical results (see Table 4), it was expected that a higher load than 
the maximum load from the service load spectrum would be needed for the crack initiation and 
growth. Therefore, cyclic loading was applied with the value corresponding to the nominal 
stress amplitude of 200 MPa (the dynamic coefficient k = 5.2). This value is much higher than 
the maximum load in the load spectrum (Fig. 14). Nevertheless, no crack propagation occurred 
after application of 5×106 cycles. Therefore, the load amplitude was further increased to 280 
MPa for 107 cycles and then again to 300 MPa for 107 cycles. Even two-fold increase in the 
load amplitude did not lead to crack propagation from the initial notch. Finally, fatigue crack 
propagation was achieved after 1.1×106 cycles at the level of nominal stress of 340 MPa. Such 
load level corresponds to the dynamic coefficient k = 8.8 (i.e. 8.8× higher load than in the static 
load case). The test was terminated due to excessive load of the experimental stand. The 
experiment confirmed that application of the standard load spectrum leads to no fatigue crack 
initiation and propagation in the case of induction-hardened axles with considered surface 
cracks. 
5 Conclusions
The influence of residual stress on residual fatigue life of railway axles was studied and 
discussed in this paper. Two types of axle heat treatment were considered in the theoretical and 
experimental studies: standard heat treatment (standard hardening) and induction hardening. A 
distribution of residual stresses was experimentally determined using the drilling method. An 
extensive FE modelling was used for backward determination of original residual stress 
distribution before turning process. In the following step the stress intensity factors including 
the residual stress effects were numerically determined for axles treated by both considered 
types of heat treatment. These input data enabled correct simulation of crack propagation and 
more precise residual fatigue life estimation. On the basis of the experimental and theoretical 
results the following conclusions can be drawn:
 Compressive residual stress generated under the axle surface significantly reduced 
driving force of surface cracks and defects. Therefore, the residual fatigue life of these 
axles was substantially longer than in the case of axles with no residual stress.
 The described effect of residual stress on the residual fatigue life was more pronounced 
for axles with shorter initial cracks.
 The residual fatigue life estimated by authors' original numerical approach considering 
residual stresses was close to the experimental results obtained for real axle pieces. 
The estimated RFL was 2 – 6 times shorter than the experimental one in the case of 
standard heat-treated axles. The apparent underestimation of RFL was given by 
conservative consideration of residual stress profiles. 
 It was shown that induction hardening generates extremely high compressive residual 
stress (with the absolute peak value of approx. 850 MPa) with a large extent of the 
negative axial stress component into the depth below the axle surface of 15 – 20 mm. 
Such residual stress prevented all considered surface cracks from propagating, as was 
predicted by the presented procedure of RFL estimation and also proved by 
experiments.
 The presented procedure enables quite accurate estimation of residual fatigue life of 
railway axles, when knowledge of the residual stress profiles in the axles is good and 
the measured residual stresses are appropriately post-processed. 
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